The conformations of topologically constrained double-folded ring polymers can be described as wrappings of randomly branched primitive trees. We extend previous work on the tree statistics under different (solvent) conditions to explore the conformational statistics of double-folded rings in the limit of tight wrapping. In particular, we relate the exponents characterizing the ring statistics to those describing the primitive trees and discuss the distribution functions p( r| ) and p(L| ) for the spatial distance, r, and tree contour distance, L, between monomers as a function of their ring contour distance, .
I. INTRODUCTION
Topologically constrained ring polymers often adopt double folded configurations characterized by a randomly branched primitive tree [1] [2] [3] [4] [5] [6] [7] (Figure 1(a) ). In analogy to protein or RNA structures [8] , such rings can be discussed in terms of a primary, a secondary, and a tertiary structure. The primary structure is simply defined through the connectivity of the ring monomers. The secondary structure arises from the double folding. Its characterisation comprises information on the mapping of the ring onto the graph as well as on the connectivity of the graph representing the primitive tree. Important characteristics are the contour distances, L, between tree nodes or the weight, N br , of branches separated from the tree by severing a link. Finally, the tertiary structure defines the embedding of the rings and trees into (three dimensional) space. Relevant observables are the spatial distance, r, between ring monomers or tree nodes, or the overall gyration radius, R g .
As customary in polymer physics [9, 10] , the tree behavior can be analyzed in terms of a small set of exponents describing how expectation values for these observables vary with the weight, N , of the trees or the contour distance, L, between nodes. Flory theory [4, [11] [12] [13] [14] provides a useful framework for discussing the average behavior of a wide range of interacting tree systems beyond the small number of available exact results [15] [16] [17] . Furthermore, we have recently shown that the non-Gaussian distribution functions for tree observables are often of the Redner-des Cloizeaux (RdC) form and characterized by a small set of additional exponents, which can often be related to each other and the standard trees exponents [18] .
Here we take a step back to the original polymer problem and consider rings, which are tightly wrapped around trees ( Fig. 1(b) ). "Navigating" on the tree along * Electronic address: anrosa@sissa.it † Electronic address: ralf.everaers@ens-lyon.fr a wrapped ring mixes the two concepts invoked above for characterizing trees: (i) the branching statistics controls how fast the mean contour distance on the tree grows with the contour distance between monomers along the ring and (ii) spatial distances depend on the conformations of paths on the tree in the embedding space. We consider ensembles of trees as described in our earlier works [18] [19] [20] , namely: single self-avoiding trees in three dimensions and melts of trees in two and three dimensions. As a reference, we also consider the case of doublefolded rings on conformations of ideal trees, i.e. without volume interactions. Specifically, we tightly wrap ring polymers around tree conformations we generated in our previous Monte Carlo simulations and explore the relation between the tree and the ring exponents. The paper is organized as follows: In Section II, we define the tight wrapping of a tree by a ring and briefly review definitions and the theoretical background. We provide no explicit Methods section as there are no particular algorithmic difficulties associated to the wrapping process or the data analysis. The reader will instead find a concise introduction to the Monte Carlo methods used for generating lattice tree conformations and to the computational procedures for estimating scaling exponents and more numerical details in the Appendices at the end of the paper. We present and discuss results in Section III and conclude in Section IV.
II. DEFINITIONS AND BACKGROUND

A. Topologically constrained ring polymers
The transient folding of ring polymers subject to topological constraints ( Fig. 1(a) ) can be understood by using the analogy to randomly branched structures with annealed connectivity [1] [2] [3] [4] [5] [19] [20] [21] . A typical example is the one of a single ring in an array of fixed obstacles [1] [2] [3] which represents a theoretical model for the problem of a ring moving through a gel [22] . Furthermore, sev- (2, 17) and (7, 10) are classified as "secondary-" and "tertiarystructure" contacts, respectively. (c) Ring contour distances = 5, 9, 3 (dashed green lines, top to bottom) compatible with the tree contour distance L = 3 (thick red line) and spatial distance | r| (blue arrow).
eral authors have suggested that the same analogy may be applied to describe spatial conformations of unknotted and untangled ring polymers in melts [1, 3, 23, 24] and chromosomes in eukaryotes [25] [26] [27] [28] . Although it remains a non-trivial question, if [23] or to which extent [3, 24, 29, 30 ] the link to the melts can be pushed forward, we have shown [5] that it provides at least an excellent approximation.
In this work, we consider double-folded ring polymers on lattice branched structures taken from different ensembles: 3d trees in good solvent conditions i.e with purely repulsive interactions between tree nodes, and 2d and 3d melt of trees which are relevant to the problem of untangled polymers in dense solution. For comparison, we also study single ring conformations whose branched primitive paths are generated under ideal conditions i.e. without excluded volume effects between tree nodes.
B. Rings, trees, notation and units
We measure energy in units of k B T and length in units of the Kuhn length, l K , of the ring polymer. There are two oppositely oriented ring segments associated to each tree segment. As a consequence, there are 2N ring segments for a tree composed of N segments. This corresponds to N + 1 nodes for the tree and 2N + 1 nodes for the ring. To see that it is possible to characterize the primitive trees and the rings by the same Kuhn length, consider the limit of a small double-folded ring of contour length ring ≡ 2N corresponding to an unbranched primitive chain. The gyration radius of the latter is given by R 2 g = l K ( ring /2)/6 = l K ring /12, corresponding to a closed random walk [5] .
We use the letters N and N br to denote the number of segments of a tree or a branch, respectively. The symbols L and are reserved for contour lengths on the tree and the ring, respectively. Spatial distances are denoted by the letters R and r. Examples are the tree gyration radius, R g and spatial distances between nodes, r ij .
A wrapping introduces an additional metric on the embedded graph, i.e. two nodes I and J can be characterized by their spatial distance, r IJ = r I − r J , their contour distance, L IJ , on the tree, and their contour distance, L IJ ≤ IJ ≤ N , on the ring. In the following, we substitute the arbitrary labelling 0 ≤ I, J ≤ N of the tree nodes by the (primary structure) ring labels 0 ≤ i, j ≤ 2N such that ij ≡ mod(|i − j|, N ). Furthermore, we distinguish between secondary structure contacts on the tree and tertiary structure contacts occurring in a particular tree conformation in the embedding space. Figure 1 (c) illustrates | r ij | (blue arrow), L ij (thick red line) and the corresponding ij 's (dashed green lines) for an example.
C. Randomly branching trees
A small set of exponents describes how expectation values for observables characterising tree connectivities and conformations vary with the weight, N , of the trees or the contour distance, L, between nodes:
Here, N br (N ) denotes the average branch weight; L(N ) the average contour distance or length of paths on the tree; R 2 (L) the mean-square spatial distance between nodes with fixed contour distance; and R the mean-square gyration radius of the trees. By construction, ν = ρ ν path , and the relation = ρ is expected to hold in general [31] . For ideal, non-interacting trees ρ = = ν path = 1/2 and ν = 1/4 [15, 19] . For interacting systems, the only exactly known exponent is ν = 1/2 for self-avoiding trees in d = 3 dimensions [17] . Otherwise, Flory theory [4, [11] [12] [13] [14] provides a useful, although approximate, framework for discussing the average behavior, Eqs. (1) to (4), of a wide range of interacting tree systems beyond the small number of available exact results [15] [16] [17] .
The non-Gaussian nature of distribution functions for the above mentioned observables can be investigated by a combination of computer simulations and scaling arguments [18] . The branching statistics is in good agreement with a generalized Kramers form,
, for paths of length L on trees of mass N can be approximated as
Here, Γ(z) denotes the Euler's gamma function, x = r/ R 2 (L) N is the scaled distance and
is of the Redner-des Cloizeaux (RdC) [32, 33] form. The shape of the rescaled distributions, and hence the characteristic exponents θ path and t path controlling the small and large distance behaviors respectively, depend on the universality class. While θ path is an independent exponent, t path can be estimated using the Fisher-Pincus relation [34, 35] 
The constants
are determined by the conditions (1) that the distribution is normalized ( q( x)d x ≡ 1) and (2) that the second moment was chosen as the scaling length ( |x| 2 q( x)d x ≡ 1).
D. Tight wrapping of ring polymers
The wrapping procedure for trees with a maximal functionality of f = 3 [5] is schematically described in Fig. 1(b) . We start from a randomly chosen tip (numbered as "0" in the figure) and construct the ring by adding new bonds consecutively following the branched structure. At a branching point (say, the one marked by the number "2") we choose randomly between one of the two possible directions and continue placing new bonds until the corresponding branch has been fully travelled by the double-folded path. Once we return to the branching point, we continue along the direction which was not selected in the first instance. Finally, we return to the origin and close the ring. It is easy to see that this procedure ensures that each tree segment is visited exactly twice by oppositely oriented ring segments and that ring = 2N for the ring contour length. For a given tree, there are 2 n3 possible wrappings, where n 3 is the total number of branching nodes of the tree. Here we always consider averages over tree ensembles, where we analyse a single randomly generated wrapping per stored tree conformation.
III. RESULTS AND DISCUSSION
A. Tree contour distance as a function of ring contour distance
The central quantity for understanding the conformational statistics of wrapped rings is the average tree contour distance, L, between two monomers as a function of their ring contour distance, . In general, L ≤ . The minimal extension, L = 0, corresponds to the case, where the ring wraps a branch of the tree composed of /2 tree segments. To reach the maximal extension, L = , the ring has to follow a linear path of length on the tree. In general, the part of the tree wrapped by the ring section is in itself a tree composed of O( ) segments. Adapting Eq. (2), we thus expect
Furthermore, due to the ring closure L( ) ≡ L( ring − ) reaches its maximum for = ring /2 before reducing to zero at the total ring size, L( ring ) ≡ 0. The simplest functional form accounting for this constraint is
Panels (a) in Figs. 2 to 5 show good agreement with this ansatz. Data are shown for ring contour distances up to ring /2; plotting them as a function of 1 − ring effectively reduces finite ring size effects (in the insets the same data are shown as a function of ). The dashed lines indicate the expected power law, where we used the effective exponents we extracted [19, 20] for the trees underlying the present ring constructions. , average probability of secondary structure contacts. The straight lines shown in these panels are calculated based on the average values and error bars of scaling exponents ρ, ν and presented in our works [19, 20] 
, contact probability. The straight line is obtained by using the average value and error bars for the scaling exponent θr presented in this work, see Table I .
B. Secondary structure contacts
We define as a secondary structure contact a pair of monomers, which are neighbors on the tree, L ij ≤ l K , but not along the ring, |j − i| > 1 ( Fig. 1(b) ). We chose a finite contact distance to preserve the analogy with tertiary structure contacts (see below) and evaluated the contact probability p 2c ( ) only for odd values of to avoid even/odd fluctuations induced by the lattice. Modulo the finite contact radius, the probability to create a secondary structure contact at a ring distance equals (symbols vs. dashed lines) the probability to cut a branch of size /2 from the tree: p 2c ( ) = p br ( /2). In particular, Eq. (5) suggests
Panels (e) in Figs. 2 to 5 show that this is well supported by our data.
C. Tree contour distance distributions
The mean tree contour distance and the secondary structure contact probability can both be obtained from the full tree contour distance distribution, p N (L| ), for ring sections of length on rings composed of 2N Kuhn segments: 
These master curves are well described by the onedimensional Redner-des Cloizeaux (RdC) form (orange lines in Fig. 6 ):
follow from the conditions that p N (L| ) is normalized to 1 and that the first moment, L( ) N , is the only relevant scaling variable. Estimated values for (θ L , t L ) in the asymptotic (N → ∞) limit of large trees are summarized in Table I . More details concerning best fits of Eq. (18) to Table I ) to the Redner-des Cloizeaux (RdC) function, Eq. (18) . data for specific values of N and large-N extrapolations of scaling exponents are given in the Appendices and in Table II .
As for the corresponding path length distribution for trees [18] , we can give a physical interpretation of the observed (effective) exponents. For small tree contour distances, x → 0, Eq. (18) reduces to q(x) = C L x θ L . Inserting into Eq. (16) for the secondary structure contact probability and equating with Eq. (13) yields:
Using the numerical estimates for ρ from Refs. [19, 20] , Eq. (21) is in agreement with the extrapolated values for θ L in the limit → ∞, see Table I and the Appendices for numerical details. Moreover, note that θ L differs from the corresponding exponent θ l = 1 ρ − 1 for the contour distance distribution on trees introduced in Ref. [18] .
To estimate the probability for observing large contour distances, L, we can follow Ref. [18] and formulate the problem in terms of Pincus blobs [35] . Ring sections, that follow an almost linear path on the tree, behave as if they would wrap a string of /g unperturbed trees of size ξ ∼ g ρ . This suggests that
As for the exponents θ L , this equation is in reasonable agreement with numerical extrapolations of t L in the limit → ∞, see Table I and the Appendices for numerical details.
D. Mean square spatial distances along the ring
Having obtained a complete characterization of wrapping on the level of the connectivity graph characterising the tree, we can now turn our attention to the spatial embedding of the wrapped ring. The simplest measure to consider is the mean-square spatial distance, R 2 ( ) N , of monomers separated by a contour distance along the ring. Combining Eqs. (3) and (12) with the relation ν = ρ ν path suggests 
E. Bond orientation correlation function
Additional insight into the polymer conformation can be gained by considering the bond orientation correlation function, C( ) = b i · b i+ /| b| 2 . C( ) is related to the mean-square distances via the identity:
and
For ν = 1/2, Eq. (25) implies
In particular, C( ) < 0 for ν < 1/2. The case ν = 1/2 is special. The best-know examples are: C( ) ≡ 0 for > 0 (Kuhn model or freely jointed chain [10] ) and C( ) ≡ exp(−2 /l K ) (worm-like chain [36] ). However, Eqs. 24 and 25 are also compatible with a power-law decay, C( ) ∼ −ω , as long as ω > 1 = (2 − 2ν). An interesting example are long-range bond orientation correlations in polymer melts [37] , where ω = 3/2.
For tightly wrapped rings of the type considered here, it turns out to be useful to distinguish even and odd ring contour distances. Consider first ideal trees, where there is no orientation correlation between different tree segments. As ring segments with arbitrary even = |j − i| > 0 can never be co-localized on the same tree segment, C( ) ≡ 0 for even (panel (c) in Fig. 2 ). In contrast, ring segments with odd = |j − i| located on the same tree segment are anti-correlated. Using Eq. (13) this implies Fig. 2 ). This power law is compatible with Eq. (26) as ν = 1/4 for ideal trees [15] .
For interacting trees, the bond orientation correlation function exhibits corresponding even/odd fluctuations (panels (c) and (d) in Figs. 3 to 5) . In qualitative agreement with the ideal case, distant bonds along the ring have a tendency to be anti-correlated, C( ) < 0 for 1. For rings wrapped around trees from 3d melts with ν = 1/3, our results are again in agreement with the power law decay expected from Eq. (26):
The bond orientation correlation functions for rings wrapped around trees from 2d melts as well as self-avoiding trees with ν = 1/2 are compatible with a convergence to an asymptotic power law decay, C( ) ∼ −ω , with an exponent, ω ≈ 1, close to the limiting value.
F. Tertiary structure contacts and total contacts
We define as a tertiary structure contact a pair of monomers, which are neighbors in space, | r ij | ≤ l K , but neither on the tree, L ij > l K , nor along the ring, (18) and (31) . Columns denoted by (a) and (b) correspond to, respectively, asymptotic values in the infinite (N → ∞) tree limit and after substitution of values for scaling exponents ρ, ν and θ path obtained in Refs. [18] [19] [20] into the relations summarized in this table. For details on the derivation, see Tables II and III |j − i| > 1 (Fig. 1(b) ). Clearly, the sum of both, secondary (see Sec. III B) and tertiary contact probabilities, produces the total contact probability, p c ( ) , between pair of ring monomers at contour distance . Our data for p c ( ) for the various tree types are shown in panels (f) in Figs. 2 to 5. As for secondary structure contacts probabilities, Eq. (14), we can take into account the ring closure constraint through the ansatz
which effectively reduces finite ring-size effects.
G. End-to-end distance distributions for ring sections
The mean square internal distances and the contact probability can both be obtained from the full end-toend distance distribution, p N ( r| ), for ring sections of length on rings composed of 2N Kuhn segments: Figure 7 shows, that the measured end-to-end distance distributions fall onto universal master curves, when plotted as a function of the rescaled distance x = r/ R 2 ( ) N :
These master curves are well described by the ddimensional Redner-des Cloizeaux (RdC) form (orange lines in Fig. 7 ): with the constants C and K given by Eqs. (9) and (10). In particular, the contact exponent defined in Eq. (27) is given by
Estimated values for (θ r , t r ) in the asymptotic (N → ∞) limit of large trees are given in Table I . More details concerning best fits of Eq. (31) to data for specific values of N and large-N extrapolations of scaling exponents are given in the Appendices and in Table III .
In the following, we relate the characteristic exponents θ r and t r to our previous results by using Eqs. (7) and (18) together with the identity
which states that the probability for reaching a particular spatial distance r at given ring contour distance can be calculated by adding up the contributions from all possible tree contour distances, 0 ≤ L ≤ . The behavior of p N ( r| ) for large distances, r > R 2 ( ) N , can be estimated from the contour distance L * (r), which makes the dominant contribution to particle pairs found at the spatial distance r. Combining the arguments of the compressed exponentials in Eqs. (7) and (18), this requires the minimization of
By using the numerical estimates for ν from our works [19, 20] , Eq. (34) is in good agreement with the extrapolated values for t r (see Table I and the Appendices for numerical details).
In the opposite limit of small distances, r < R 2 ( ) N , the exponentials in Eqs. (7) and (18) 
Depending on the value of α, the integral is dominated by the lower or the upper cutoff for L.
For α < 1, the integral is dominated by contributions from long paths with R 2 (L) N r 2 . By using values for ν path and θ path from our works [18] [19] [20] and θ L from this work (Table I) , this is the case for rings wrapping ideal trees (α = −0.52 ± 0.12), rings wrapping trees from 2d and 3d melts (α = 0.58 ± 0.10 and α = 0.13 ± 0.09, respectively). The only r-dependence comes through the explicit r θ path term and hence
This is borne out by our data (symbols vs. dashed lines in panels (f) in Figs. 2, 4 , and 5). In these cases, the total contact probability exceeds by far the secondary structure contact probability (cf. the corresponding panels (e)). In the opposite limit, short paths dominate and the total contact probability is essentially given by the secondary structure contact probability. Of the systems we have studied, only rings wrapped around self-avoiding trees in d = 3 dimensions fall into this category (α = 1.68 ± 0.20, panels (e) and (f) in Figs. 3) . In this case,
in agreement with Eqs. (13) and (32) . Summarizing, 
FIG. 8:
Secondary structure ( p2c( ) ), tertiary structure ( p3c( ) ) and generic contact probabilities ( pc( ) = p2c( ) + p3c( ) ) between ring monomers for contour length separation (see Fig. 1 Once again Eq. (37) is in good agreement with the fitted values for θ r (see Table I and the Appendices for numerical details), if we use the numerical values for ρ, ν and θ path from Refs. [18] [19] [20] . However, as illustrated by Fig. 8 , the prefactors of these power laws also matter. For rings wrapped around trees from, in particular, 3d melts (panel (d)), the relative weight of the contributions of secondary and tertiary structure contacts to p c ( ) N is a function of ring contour distance, , giving rise to a small crossover with contact probabilities being described by intermediate effective exponents.
IV. CONCLUSIONS
The mapping to lattice trees [1, 2] presents an elegant simplification for a polymer problem that is otherwise difficult to treat: the conformation of ring polymers constrained by the absence of topological links with each other or a lattice of obstacles representing the gels used in electrophoresis. The statistical physics of lattice trees can be studied within Flory theory [14] . Computer simulations and scaling arguments allow to refine the values of exponents and to explore the distribution functions characterising tree behavior beyond the average regime [18] .
The results we have presented in this article show, that it is relatively straightforward (albeit not completely trivial) to transfer results obtained for trees to the original ring systems. "Navigating" on the tree along a wrapped ring mixes the two basic concepts used for characterizing trees. The branching statistics of the trees controls the central quantity for understanding the conformational statistics of wrapped rings: the increase of the tree contour distance, L( ) ∼ ρ , between two monomers as a function of their ring contour distance, . Spatial distances depend on the conformations of linear paths on the tree in the embedding space. Using R 2 (L) ∼ L 2ν path with ν = ρν path for trees, one recovers for wrapped rings the familiar relation R 2 ( ) ∼ 2ν . The ring closure constraint is effectively dealt with by expressing observables as a function of (1 − / ring ). Interestingly, the distribution functions p( r| ) and p(L| ) for the spatial distance, r, and tree contour distance, L, between monomers show excellent scaling behavior when expressed as a function of reduced spatial and contour distance, r/ R 2 ( ) and L/ L( ) . As for trees [18] , the scaled distributions turn out to be of the Redner-des Cloizeaux form [32, 33] . They are characterized by two exponents, t and θ, which control the small and the large-scale behavior and which can be related to the other exponents describing rings and the trees they are wrapped around.
self-avoiding trees and 30 ≤ N ≤ 900 for trees in melt.
Numerical fitting procedures for deriving scaling exponents for Redner-des Cloizeaux functions
Single estimates of scaling exponents (θ L , t L ) and (θ r , t r ) for Redner-des Cloizeaux (RdC) functions Eq. (18) and Eq. (31) describing the behavior of distribution functions p N (L| ) and p N ( r| ) (Figs. 6 and 7 , lines vs. symbols respectively) are obtained through the following procedure. First, we fit the analytical expressions for the RdC functions to our measured distributions for the largest tree sizes (N = 450, 900, 1800) and for specific values of ring contour distances = 32, 64, ..., ≈ N/4. Corresponding results for (θ L , t L ) and (θ r , t r ) are summarized in Tables II and III, respectively. As, in general, the effective exponents θ L and t L show consistent finite-size effects depending monotonously on , we have used the empirical expression: 2 , where the "statistical error" is the largest error bar between different N 's [31] and the "systematic error" is the spread between the single estimates.
Unfortunately, excluding the exceptions of θ r for ideal trees (all N 's) and for 3d self-avoiding trees (N = 450), the same strategy applied to the pair (θ r , t r ) fails (Table III). This is probably related to the fact that finite size effects for θ r and t r are, in general, smaller than for the previous exponents. In those cases where the extrapolation procedure does not work, we have then simply taken averages of single estimates for each different N and calculated error bars by the same combination of statistical and systematic errors as described above. Final values for θ r and t r (Table III, (21) and (22) and using average values and error bars of exponents ρ from our works [19, 20] : ρ = 0.49 ± 0.04 (3d ideal trees), ρ = 0.64 ± 0.02 (3d self-avoiding trees), ρ = 0.613 ± 0.007 (2d tree melt), ρ = 0.52 ± 0.05 (3d tree melt).
3d ideal trees 3d self-avoiding trees 2d melt of trees 3d melt of trees Table II) , ν and θ path from our works [18] [19] [20] : ν = 0.25 ± 0.02 and θ path = 0 (3d ideal trees), ν = 0.48 ± 0.04 and θ path = 1.07 ± 0.08 (3d self-avoiding trees), ν = 0.48 ± 0.02 and θ path = 0.63 ± 0.04 (2d tree melt), ν = 0.32 ± 0.02 and θ path = 0.28 ± 0.01 (3d tree melt),
